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1. Normalization of free-field spinors

In the lectures the explicit form of the free-field spinors u1, u2, v1, v2 was given. Verify that each one of
them is correctly normalized (so as to give 2E particles per unit volume). Hint: Determine 1

N2u
†
1u1, etc.

2. Partial orthogonality of free-field spinors

Consider the same free-field spinors u1, u2, v1, v2 as in the previous problem. Which (out of the 4·3/2 = 6
possible) pairs are orthogonal [in the sense of linear algebra with (a, b) ≡ a†b ∈ C the product of a 1× 4
and a 4× 1 matrix] ? In these cases prove the orthogonality.

3. Dirac-Clifford algebra verification

Use the explicit Dirac-Pauli representation of the γ-matrices (empty areas indicate 2×2 zero matrices)

γ0 =

(
I
−I

)
= σ3 ⊗ I , γk =

(
σk

−σk

)
= iσ2 ⊗ σk

to verify the complete Dirac-Clifford algebra {γµ, γν} = 2ηµνI4. Hint: Separate the task into the 4 cases
where ν and ν are equal/unequal and temporal/spatial, i.e. consider 00, kk, 0k, ij (with i 6= j).

4. Products of three gamma matrices

Use the explicit Dirac-Pauli representation of the γ-matrices (as given above) to determine the following
products of gamma matrices: (a) γ1γ2γ3, (b) γ0γ1γ2, (c) γ0γ1γ3, (d) γ0γ2γ3. Hint: This is done most
easily by representing each γk as a tensor product, and using the idenity (A⊗B)(C⊗D) = (AC)⊗(BD),
valid for square matrices A,B,C,D, where any “normal product” denotes a matrix product.

5. γ5 in Dirac-Pauli representation

Calculate the matrix γ5 ≡ iγ0γ1γ2γ3 in the Dirac-Pauli representation. Hint: The result is γ5 = σ1⊗ I.

6. Transformation to chiral representation.

The gamma-matrices in the chiral representation γ̃µ are unitarily related to the gamma-matrices γµ in
the Dirac-Pauli representation, i.e. γ̃µ = UγµU † with a fixed unitary U for all µ. Find the matrix U
which renders γ̃5 diagonal. Hint: U is not unique if you do not specify the order of the entries in γ̃5;
upon requesting that the diagonal entries in γ̃5 should be decreasing it becomes (almost) unique.
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